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KPII equation: (v, — 6uu,, +u )ay = —3u

12171 1222

u=u(x,t)is real, z = (xy, x,)
If uy(t, 1) obeys KAV, then u(t, xy, xy) = uy(t, ; + pxs — 3u?t) solves KPII for
an arbitrary constant pu € R.

L(z,0,) =08, +0% —u(x) = L(x,0,)=-08, +30% —u(x)

w(x): rapidly decaying =

uy(x):  N-soliton potential, i.e., N solitons superimposed to
the background potential u(z) =

u(x) = uy(z) +u'(z), u'(z) s rapidly decaying.

d=dy+ GNu/CTD, eik(xll_xl)+k2(x,2_x2)GN(x, 2',k) must be bounded
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L(z,0,) =—0, + 5%1 — u(x)
La,a'sq) = {=0,, — 4, + (0, + 0}l — o) —u(w)o(z — o'

~~

Lo(z,2"q)

Lg)M(q) = M(g)Lq) = I

{ —0, ,— @t + (0, —|—q1) —u(a:)}M(a:,x’;q)zé(:U—:U’)

{0, —q2 +(0, —(h) —u(2') } M (z, 2", q) = §(x — 2)
M (z, )Gsl(RG)

The Green’s function:

G(z,2', k) = eq<x_x/>M(x, z'": q)

_ ) 2
a1 =Ky, Go=ki, — kg,



Jost and dual Jost solutions of the original (decaying) potential:
2 2
(—=0,, + 05, — u(2))®(z, k) =0, (0, + 0z, — ulz))V¥(z, k) =0
keC

d(z,k) = O(x, k), U(z, k) =V(z, —k)

Normalization condition at k-infinity

kh_{rolo eikx1+k2x2®(x7k) =1, kh_{go G_ikxl_ksz\If(x,k) —1
u(zr) = —2i l{llrr()lokﬁxl (eikxﬁk%?@(w,k)) = 2i kli_)rglok(‘?xl (e‘ikxl_k%?llf(a:,k))
Resolvent:
/ / (7' —2)
M(z, 2% q) = — sgn(zy — ) ——X

<[ dien. (Rl o~ 21) Do KW' 0

kIm:ql



Darboux transformation via “twisting” L to L'

L=Ly—u = L =Ly—u: L'¢=(L, nL' = Ln
((w,2"q) = ((@,2"q), T=mn n{=1, then L=nL(
PY7r_¢n then P2=P, P=P, P(=nP=0

New Jost solutions are given as

(2, k) = / dy K1 (2, ey ) By, K)

‘W%M:/@N@kﬁ%%ﬁmm%h@

Conditions: self-conjugation, asymptotic behavior and existence of poles of ®'(x, k)
and V' (x, k):

p(T) = res O'(x, k)

k=ib,
U (z) = res ¥'(x,k)
J k:iaj
Apyeeey Oy s by bNb are N, + N, parameters, all different; a;,b, € R

Solution is possible only if N,, N, > 1.



Ny x Ng-matrix: F(x) = || Fij(x )H .......... a
T

Filz) ¥ Fz,ib,ia;)  Flo,k k)< / dz (2, k) (2, k')

(klm - kim)oo

!/ __
Lo=Tg

The constant N, x N, matrix ¢, the unity N, x N, matrix Ey, and the unity
Nb X Nb matrix ENb
W'(z) = u(z) — 207 Indet(Ey, + F ¢) = u(z) — 207 Indet(Ey, + ¢ F)

Nq b

P'(z, k) = ZZ@ T,ia;) ( En, + c]:(x))lc) ‘l]:(x,ibg,k)

U (z,k) = ZZ]—" ,10,5) ( (En, + F(z)c) 1) U(x,iby).

gl



Let us, now, use the parameters

{ou,...;an} ={a1,...,an,,b1... by}, where N =N, + N,

N
Pz, 2 q) = ie"" 170§ (2, — 2) ZH (1 — ) res (2, k)U' (2, k)
n=1

Resolvent. We have seen that L = nL'(. But
L'=CLn+ Ls, where Lpn=L'P=PL
Correspondingly, we write for the resolvent M’ = (Mn + M,
ed(2'—2)
2T
« / ke 0 (2 + Re(k?)) (s — 24)) (2, ) ¥(a, )

kim=q1

(CMn)(x, 2"; q) = — sgn(zz — 5) X

LCMp=1—P
M has to obey L'Ma = MAL' = P



Formally

N
Ma(z, 2 q) = $i€q<x,_w)9(i($2 - 33/2)) Z 0(q1 — ) oD o'(z, k) V(2. k)
n=1 "
Ma(z,2'5q) € SR 7
Pure N-soliton potential
In the case u(x) = 0 one gets the general N-soliton potential, where N =
max{ Ny, Ny }.
/ ik =Ky + (K2 —Kk'%)z,
f(ﬂf,k,k)—l k/_k
Ng Ng !
O'(x,k) — [ [J(aj +ik) | ¥(z. k),  V(rk) — |[](a;+ik) | ¥'(z.k)
j=1 j=1

so that ®'(x, k) has poles in all points i, n =1,..., N and V'(z, k) is analytic.

(I)l<33, k) _ Tx(xa k)e—ikxl—k2x27 \If’(a:, k) _ Tg(l’, k)eikx1+k2x2
T(z) T(z)

u'(x) = —26?51 log 7(x)



(2, k) = det D e (a + i k), 7i(x,k) = det D e A (o +ik)A

and

~

7(z) = det D e~
where D is N, x N-matrix, D = (Ey,, ), N = N, + N,,

A= (=)™ |, n=1,...,N, j=1,....N,

e A = diag{e M) vl } Ap(7) =z + ot as
Ng e—Anj(x)
TX(ZCak) — Z fm ..... nNU«Ha —|—’[,k
1<ny <ng<---<npy, <N j=1 "4
Na
N —A,.
Te(x, k) = Z fra,n, H(O‘nj +ik)e (@)
1<ny <ng<---<npy, <N j=1
Nq
'
m(x) = S funy [
1§n1<n2<---<nNa§./\/ 7=1

fnl,ng ..... NNy W<—Oén1, SRR _anNa) Dl(”l) ) nNa) > 0



m(z,k) = det D e A (o + i k), 7i(x, k) = det D e AW (o + i k)A

and

~

7(z) = det D e~
where D is N, x N-matrix, D = (Ey,, ), N = N, + N,,

— H(_&n)Na_anﬁ nzl 7N7 j:17'°'7Na

e_A( Y = diag{e M@ e WY A (2) = apay + P
Nq e—Anj(x)
TX(Q?, k) = Z fnla-'->nNa H o+ i k
1§n1<n2<---<nNa§./\/ 7=1 mj
Ng
Sy —A,
Te(r, k) = Z fop ni, H(oznj +ik)e ()
1<ny <ng<---<npy, <N j=1
Ng
.
7(x) = > Forooy, [ [ €
1<n1<n2<---<nNa§./\/ j=1
foimg.. = W(— oznl,...,—oana)D’(nl,...,nNa) > ()

ap < - < Qp



Let us start with the one-dimensional situation:
(=02 +wi(z1))p(z1, k) = kK (21, k)

Let i (e > 0) be an eigenvalue and ¢, (1) be residual of p(x1, k). Asymptotically
o(x1, k) ~ el In other words, e™1%1p(z;, k) is bounded for any z; if |¢1| < o
Then equation (—0,, + 07, — u1(21))Pa(z) = 0 has solution ,(x) = 60‘2552@@(:61).
Thus e~ @%172%2@_ (z) is bounded for any = (1, z2) only if |¢;| < o and ¢, = o,

Performing transformation uy(x1) — ui(x1 + (1 + ag)xs) (p < ay are some
9 — (1

real parameters) and denoting o = . we get that equation (—5?952 + 02 L
uy(r1 + (a1 + ag)xs))P(x) = 0 has solution such that e~ @*172%2d(x) is bounded

for all x iff 1 < 1 < o, g1 = 0, where we introduce

anZQQ_<am+an)Q1+amana m,nzl,...,]\/



(=0, + 02 —wi(z1 + (a1 + a2)ws) | P(z) =0
[—0u, — @+ (0n + ¢1)° — wi(z1 + (a1 + a2)z2) | e D () = 0

e~ P (x) is bounded for all

o <q <ag, ¢12=0

Qmn = 42 — (Oém + an)Ql + o =

=gy — Q% + (Q1 - Oém)(@h - @n)

——————

q1

R
Q
¥

2

G(x,z' k) = eq(x_x/)M(:U, 7': q) ¢ — ¢ = — kg,

—k _k2 _k2 )
9= m> 92=Km — XRe



¢ (x) = res P'(x,k)

2
=0, + 8, —u/(x)] P, (x) =0
[—8@ — @2+ (0, + )’ — u’(a:)}e‘q”’q);n(x) =0
Km(q)e” % ®! (x) is exponentially
decaying for all x iff ¢ belongs to the polygon:
Nb m
Km(q) = (kl__[ 9(Qk,k+Na)> (lgle(_Qk,k+N;))>

in the case 1 <m < N, < N,

Gmn = 42 — (am + an)Ql + apay, =
=y — ¢ + (01 — am) (@1 — )
u'(x) has rays:

9 — +00: X1+ (a + Qpyn,)T2 = const,
k=1.... N,

To — —00: X1+ (g + Qpin, ) T2 = const,

k=1,...,N, Na:4,Nb:6,N:10,m:1



¢ (x) = res P'(x,k)

(=0, + 0. —u/(2)]P),(z) =0
=04y — @2+ (O, + )’ — u'(z)] e P (z) =0

Km(q)e” % ®! (x) is exponentially
decaying for all x iff ¢ belongs to the polygon:

tm(q) = (kﬁme(%,mNa)) (lﬁle(—qk,mm))

in the case 1 <m < N, < N,

Gmn = 42 — (am + an)Ql + apay, =

=q,— q; + (¢1 — an) (@1 — an)

N,=4, Ny=6, N =10, m =2
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=q,— q; + (¢1 — an) (@1 — an)

Qg Q7 Qglg (10

N,=4 N,=6, N =10, m =3
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=q,— q; + (¢1 — an) (@1 — an)

Qg Q7 Qglg (10

N,=4, Ny=6 N =10, m = 4



¥ (a) = res ok
(=0, + 0. —u/(2)]P),(z) =0
[—8@ — @2+ (0, + )’ — u’(a:)}e‘qxq);n(x) =0

Km(q)e” % ®! (x) is exponentially
decaying for all x iff ¢ belongs to the polygon:

Km(q) = (ﬁ 9(Qk,k+Na>> ( Hae(%,kﬂva)) X
k=m k=1
X (ﬁ 9(—Qk.,k+Nb)>
k=1

in the case N, +1 <m < N,

Gmn = q2 — (am + an)Ql + apay, =

=q —q; + (¢1 — an) (@ — an)

N,=4 Ny=6,N=10,m =75



¢ (x) = res P'(x,k)

k=iopm,
(=0, + 0. —u/(2)]P),(z) =0
[—8@ — @2+ (0, + )’ — u’(a:)}e‘qxq);n(x) =0
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Km(q) = (ﬁ 9(Qk,k+Na>> ( Hae(%,kﬂva)) X
k=m k=1
X (ﬁ 9(—Qk.,k+Nb)>
k=1

in the case N, +1 <m < N,

Gmn = q2 — (am + an)Ql + apay, =

=q —q; + (¢1 — an) (@ — an)

N,=4 N,=6, N =10, m =6



¢ (x) = res P'(x,k)
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Km(q)e” % ®! (x) is exponentially
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X ( 5(—C]k,k+Nb))
k:m—Nb

in the case Ny +1 <m <N =N, + N,

mn = 42 — (am + O‘n)Ql + a0y, =

=g, — qi + (1 — am) (@1 — )

N,=4 Ny=6N=10,m="7



¢ (x) = res P'(x,k)

(=0, + 0. —u/(2)]P),(z) =0
=04y — @2+ (O, + )’ — u'(z)] e P (z) =0

Km(q)e” % ®! (x) is exponentially
decaying for all x iff ¢ belongs to the polygon:

in the case Ny +1 <m <N =N, + N,

mn = 42 — (am + O‘n)Ql + a0y, =

=g, — qi + (1 — am) (@1 — )

A5\ Q6 7 g9~ 10

N,=4 N,=6, N =10, m =8



¢ (x) = res P'(x,k)

(=0, + 0. —u/(2)]P),(z) =0
=04y — @2+ (O, + )’ — u'(z)] e P (z) =0

Km(q)e” % ®! (x) is exponentially
decaying for all x iff ¢ belongs to the polygon:

X
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—
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Z
~_

in the case Ny +1 <m <N =N, + N,

Qmn — 42 — (am + O‘n)Ql + apay, =

=dy — Q% + (QI - O‘m)(Ql - an) s~ A as\ Q6 Q7 Q8O0

N,=4 N,=6,N=10,m =9



¢ (x) = res P'(x,k)

(=0, + 0. —u/(2)]P),(z) =0
=04y — @2+ (O, + )’ — u'(z)] e P (z) =0

Km(q)e” % ®! (x) is exponentially
decaying for all x iff ¢ belongs to the polygon:

Km(q) = ( [ aQ(Qk,k—&-Na)) X

X ( 5(—C]k,k+Nb))
k:m—Nb

in the case Ny +1 <m <N =N, + N,

mn = 42 — (am + O‘n)Ql + a0y, =

=g, — qi + (1 — am) (@1 — )

N,=4 N, =6, N =10, m = 10



mn = 42 — (am + O‘n)Ql + a0y, =

=g, — qi + (@1 — am) (@1 — )

-t ——————
[ S e S

£
N
Q
ot

AN A A

N
—ied@ =00 (2, — ab) Z O(q1 — o) @), (2)V'(2', i), above
MA(xn x/; Q> = 9

N
+ied@ =29zl — x,) Z 0(q1 — o) @, (2)V' (2", i0s,), below




