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KPII equation: (ut − 6uux1
+ ux1x1x1

)x1
= −3ux2x2

u = u(x, t) is real, x = (x1, x2)

If u1(t, x1) obeys KdV, then u(t, x1, x2) = u1(t, x1 +µx2 − 3µ2t) solves KPII for

an arbitrary constant µ ∈ R.

L(x, ∂x) = −∂x2
+ ∂2

x1
− u(x) ⇒ L̃(x, ∂x) = −∂x2

+ ∂2
x1
− ũ(x)

u(x) : rapidly decaying ⇒

uN(x) : N -soliton potential, i.e., N solitons superimposed to

the background potential u(x) ⇒

ũ(x) = uN(x) + u′(x), u′(x) is rapidly decaying.

Φ̃ = ΦN + GNu′Φ̃, eik(x′1−x1)+k2(x′2−x2)GN(x, x′,k) must be bounded
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ũ(x) = uN(x)
∣∣
u≡0

+ u′(x), u′(x) is rapidly decaying.

Φ̃ = ΦN + GNu′Φ̃, eik(x′1−x1)+k2(x′2−x2)GN(x, x′,k) must be bounded



KPI:

A. S. Fokas and A. K. Pogrebkov, Nonlinearity16 (2003) 771

M. Boiti, F. Pempinelli and A. K. Pogrebkov, J. Phys. A: Math Gen. 39 1877–

1898 (2006)

M. Boiti, F. Pempinelli and A. K. Pogrebkov, J. Math. Phys. 47 123510 1–43

(2006)

KPII:

M. Boiti, F. Pempinelli, A. Pogrebkov and B. Prinari, Inverse Problems 17 937–

957 (2001)

M. Boiti, F. Pempinelli, A. K. Pogrebkov and B. Prinari, J. Math. Phys. 43

1044–1062 (2002)

J. Villarroel and M.J. Ablowitz, Stud. Appl. Math. 109 151–162 (2002)

M. Boiti, F. Pempinelli, A. Pogrebkov and B. Prinari, Theoretical and Mathe-

matical Physics 159 721733 (2009)



L(x, ∂x) = −∂x2
+ ∂2

x1
− u(x)

L(x, x′; q) = {−∂x2
− q2 + (∂x1

+ q1)
2}δ(x − x′)

︸ ︷︷ ︸
L0(x,x′;q)

−u(x)δ(x − x′)

L(q)M(q) = M(q)L(q) = I{
−∂x2

− q2 + (∂x1
+ q1)

2 − u(x)
}
M(x, x′; q) = δ(x − x′)

{
∂x′2

− q2 + (∂x′1
− q1)

2 − u(x′)
}
M(x, x′; q) = δ(x − x′)

M(x, x′; q) ∈ S ′(R6)

The Green’s function:

G(x, x′,k) = eq(x−x′)M(x, x′; q)
∣∣∣
q1=kIm, q2=k2

Im −k2
Re



Jost and dual Jost solutions of the original (decaying) potential:

(−∂x2
+ ∂2

x1
− u(x))Φ(x,k) = 0, (∂x2

+ ∂2
x1
− u(x))Ψ(x,k) = 0

k ∈ C

Φ(x,k) = Φ(x,−k), Ψ(x,k) = Ψ(x,−k)

Normalization condition at k-infinity

lim
k→∞

eik x1+k2 x2Φ(x,k) = 1, lim
k→∞

e−ik x1−k2 x2Ψ(x,k) = 1

u(x) = −2i lim
k→∞

k ∂x1

(
eikx1+k2 x2Φ(x,k)

)
= 2i lim

k→∞
k ∂x1

(
e−ik x1−k2 x2Ψ(x,k)

)

Resolvent:

M(x, x′; q) = − sgn(x2 − x′
2)

eq(x′−x)

2π
×

×

∫

kIm=q1

dkRe θ
(
(q2 + Re(k2))(x2 − x′

2)
)

Φ(x,k)Ψ(x′,k)



Darboux transformation via “twisting” L to L′

L = L0 − u ⇒ L′ = L0 − u′ : L′ζ = ζL, ηL′ = Lη

ζ(x, x′; q1) = ζ(x, x′; q1), η = η, ηζ = I, then L = ηL′ζ

P
def
= I − ζη, then P 2 = P, P = P, Pζ = ηP = 0

New Jost solutions are given as

Φ′(x,k) =

∫
dy ekIm(x1−y1)ζ(x, y;kIm) Φ(y,k)

Ψ′(x,k) =

∫
dy Ψ(y,k) ekIm(y1−x1)η(y, x;kIm)

Conditions: self-conjugation, asymptotic behavior and existence of poles of Φ′(x,k)

and Ψ′(x,k):

Φ′
bl
(x) = res

k=ibl

Φ′(x,k)

Ψ′
aj

(x) = res
k=iaj

Ψ′(x,k)

a1, . . . , aNa
, b1, . . . , bNb

are Na + Nb parameters, all different; aj, bl ∈ R

Solution is possible only if Na, Nb ≥ 1.



Nb × Na-matrix: F(x) = ‖F lj(x)‖j=1,...,Na

l=1,...,Nb

F lj(x)
def
= F(x, ibl, iaj) F(x,k,k′)

def
=

x1∫

(kIm −k′Im)∞

dx′
1Ψ(x′,k)Φ(x′,k′)

∣∣∣
x′2=x2

The constant Na × Nb matrix c, the unity Na × Na matrix ENa and the unity

Nb × Nb matrix ENb

u′(x) = u(x) − 2∂2
x1

ln det(ENb
+ F c) ≡ u(x) − 2∂2

x1
ln det(ENa + cF)

Φ′(x,k) = Φ(x,k) −
Na∑

j=1

Nb∑

l=1

Φ(x, iaj)

((
ENa + cF(x)

)−1
c

)

jl

F(x, ibl,k)

Ψ′(x,k) = Ψ(x,k) −
Na∑

j=1

Nb∑

l′=1

F(x,k, iaj)

(
c
(
ENb

+ F(x)c
)−1
)

jl

Ψ(x, ibl).

so that for residuals we have:

Φ′
bl
(x) = −i

Na∑

j=1

Φ′(x, iaj)cjl, Ψ′
aj

(x) = i

Nb∑

l=1

cjlΨ
′(x, ibl)



Let us, now, use the parameters

{α1, . . . , αN} = {a1, . . . , aNa, b1 . . . , bNb
}, where N = Na + Nb

P (x, x′; q) = ieq1(x
′
1−x1)δ(x2 − x′

2)

N∑

n=1

θ(q1 − αn) res
k=iαn

Φ′(x,k)Ψ′(x′,k)

Resolvent. We have seen that L = ηL′ζ. But

L′ = ζLη + L∆, where L∆ = L′P = PL′

Correspondingly, we write for the resolvent M ′ = ζMη + M∆

(ζMη)(x, x′; q) = − sgn(x2 − x′
2)

eq(x′−x)

2π
×

×

∫

kIm=q1

dkRe θ
(
(q2 + Re(k2))(x2 − x′

2)
)

Φ′(x,k)Ψ′(x′,k)

L′ζMη = I − P

M∆ has to obey L′M∆ = M∆L′ = P



Formally

M∆(x, x′; q) = ∓ieq(x′−x)θ
(
±(x2 − x′

2)
) N∑

n=1

θ(q1 − αn) res
k=iαn

Φ′(x,k)Ψ′(x′,k)

M∆(x, x′; q) ∈ S(R6) ?

Pure N-soliton potential

In the case u(x) ≡ 0 one gets the general N -soliton potential, where N =

max{Na, Nb}.

F(x,k,k′) = i
ei(k−k′)x1+(k2 −k′

2
)x2

k′−k

Φ′(x,k) →




Na∏

j=1

(aj + ik)



Φ′(x,k), Ψ′(x,k) →




Na∏

j=1

(aj + ik)




−1

Ψ′(x,k)

so that Φ′(x,k) has poles in all points αn, n = 1, . . . ,N and Ψ′(x,k) is analytic.

Φ′(x,k) =
τχ(x,k)

τ (x)
e−ik x1−k2 x2, Ψ′(x,k) =

τξ(x,k)

τ (x)
eik x1+k2 x2

u′(x) = −2∂2
x1

log τ (x)



τχ(x,k) = detD e−A(x)(α + ik)−1
Ã, τ ′

ξ(x,k) = detD e−A(x)(α + ik)Ã

and

τ (x) = detD e−A(x)
Ã

where D is Na ×N -matrix, D =
(
ENa, c

′
)
, N = Na + Nb,

Ã = ‖(−αn)
Na−j‖nj, n = 1, . . . ,N , j = 1, . . . , Na

e−A(x) = diag{e−A1(x), . . . , e−AN (x)}, An(x) = αnx1 + α2
nx2

τχ(x,k) =
∑

1≤n1<n2<···<nNa≤N

fn1,...,nNa

Na∏

j=1

e
−Anj

(x)

αnj
+ ik

τξ(x,k) =
∑

1≤n1<n2<···<nNa≤N

fn1,...,nNa

Na∏

j=1

(αnj
+ ik)e

−Anj
(x)

τ (x) =
∑

1≤n1<n2<···<nNa≤N

fn1,...,nNa

Na∏

j=1

e
−Anj

(x)

fn1,n2,...,nNa
= W (−αn1, . . . ,−αnNa

)D′(n1, . . . , nNa) ≥ 0



τχ(x,k) = detD e−A(x)(α + ik)−1
Ã, τ ′

ξ(x,k) = detD e−A(x)(α + ik)Ã

and

τ (x) = detD e−A(x)
Ã

where D is Na ×N -matrix, D =
(
ENa, c

′
)
, N = Na + Nb,

Ã = ‖(−αn)
Na−j‖nj, n = 1, . . . ,N , j = 1, . . . , Na

e−A(x) = diag{e−A1(x), . . . , e−AN (x)}, An(x) = αnx1 + α2
nx2

τχ(x,k) =
∑

1≤n1<n2<···<nNa≤N

fn1,...,nNa

Na∏

j=1

e
−Anj

(x)

αnj
+ ik

τξ(x,k) =
∑

1≤n1<n2<···<nNa≤N

fn1,...,nNa

Na∏

j=1

(αnj
+ ik)e

−Anj
(x)

τ (x) =
∑

1≤n1<n2<···<nNa≤N

fn1,...,nNa

Na∏

j=1

e
−Anj

(x)

fn1,n2,...,nNa
= W (−αn1, . . . ,−αnNa

)D′(n1, . . . , nNa) > 0

α1 < · · · < αN



Let us start with the one-dimensional situation:

(−∂2
x1

+ u1(x1))ϕ(x1,k) = k2 ϕ(x1,k)

Let iα (α > 0) be an eigenvalue and ϕα(x1) be residual of ϕ(x1,k). Asymptotically

ϕ(x1,k) ∼ e−α|x1|. In other words, e−q1x1ϕ(x1,k) is bounded for any x1 if |q1| < α.

Then equation (−∂x2
+ ∂2

x1
− u1(x1))Φα(x) = 0 has solution Φα(x) = eα2x2ϕα(x1).

Thus e−q1x1−q2x2Φα(x) is bounded for any x = (x1, x2) only if |q1| < α and q2 = α2.

Performing transformation u1(x1) → u1(x1 + (α1 + α2)x2) (α1 < α2 are some

real parameters) and denoting α =
α2 − α1

2
, we get that equation (−∂x2

+ ∂2
x1
−

u1(x1 + (α1 + α2)x2))Φ(x) = 0 has solution such that e−q1x1−q2x2Φ(x) is bounded

for all x iff α1 < q1 < α2, q12 = 0, where we introduce

qmn = q2 − (αm + αn)q1 + αmαn, m, n = 1, . . . ,N



[
−∂x2

+ ∂2
x1
− u1(x1 + (α1 + α2)x2)

]
Φ(x) = 0[

−∂x2 − q2 + (∂x1 + q1)
2 − u1(x1 + (α1 + α2)x2)

]
e−qxΦ(x) = 0

e−qxΦ(x) is bounded for all x

iff α1 < q1 < α2, q12 = 0

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2

b b

b

b

G(x, x′,k) = eq(x−x′)M(x, x′; q)
∣∣∣
q1=kIm, q2=k2

Im −k2
Re

, q2 − q2
1 = −k2

Re



Φ′
m(x) = res

k=iαm

Φ′(x,k)
[
−∂x2

+ ∂2
x1
− u′(x)

]
Φ′

m(x) = 0[
−∂x2 − q2 + (∂x1 + q1)

2 − u′(x)
]
e−qxΦ′

m(x) = 0

κm(q)e−qxΦ′
m(x) is exponentially

decaying for all x iff q belongs to the polygon:

κm(q) =

(
Nb∏

k=m

θ(qk,k+Na
)

)(
m∏

k=1

θ(−qk,k+Nb
)

)

in the case 1 ≤ m ≤ Na < Nb

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

u′(x) has rays:
x2 → +∞: x1 + (αk + αk+Na

)x2 = const,

k = 1, . . . , Nb,

x2 → −∞: x1 + (αk + αk+Nb
)x2 = const,

k = 1, . . . , Na

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5 α6 α7 α8α9 α10

b b b b b b b b b b

b

b

b

b

b

b

b

b

b

b

Na = 4, Nb = 6, N = 10, m = 1



Φ′
m(x) = res

k=iαm

Φ′(x,k)
[
−∂x2

+ ∂2
x1
− u′(x)

]
Φ′

m(x) = 0[
−∂x2 − q2 + (∂x1 + q1)

2 − u′(x)
]
e−qxΦ′

m(x) = 0

κm(q)e−qxΦ′
m(x) is exponentially

decaying for all x iff q belongs to the polygon:

κm(q) =

(
Nb∏

k=m

θ(qk,k+Na
)

)(
m∏

k=1

θ(−qk,k+Nb
)

)

in the case 1 ≤ m ≤ Na < Nb

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5 α6 α7 α8α9 α10

b b b b b b b b b b

b

b

b

b

b

b

b

b

b

b

Na = 4, Nb = 6, N = 10, m = 2



Φ′
m(x) = res

k=iαm

Φ′(x,k)
[
−∂x2

+ ∂2
x1
− u′(x)

]
Φ′

m(x) = 0[
−∂x2 − q2 + (∂x1 + q1)

2 − u′(x)
]
e−qxΦ′

m(x) = 0

κm(q)e−qxΦ′
m(x) is exponentially

decaying for all x iff q belongs to the polygon:

κm(q) =

(
Nb∏

k=m

θ(qk,k+Na
)

)(
m∏

k=1

θ(−qk,k+Nb
)

)

in the case 1 ≤ m ≤ Na < Nb

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5 α6 α7 α8α9 α10

b b b b b b b b b b

b

b

b

b

b

b

b

b

b

b

Na = 4, Nb = 6, N = 10, m = 3



Φ′
m(x) = res

k=iαm

Φ′(x,k)
[
−∂x2

+ ∂2
x1
− u′(x)

]
Φ′

m(x) = 0[
−∂x2 − q2 + (∂x1 + q1)

2 − u′(x)
]
e−qxΦ′

m(x) = 0

κm(q)e−qxΦ′
m(x) is exponentially

decaying for all x iff q belongs to the polygon:

κm(q) =

(
Nb∏

k=m

θ(qk,k+Na
)

)(
m∏

k=1

θ(−qk,k+Nb
)

)

in the case 1 ≤ m ≤ Na < Nb

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5 α6 α7 α8α9 α10

b b b b b b b b b b

b

b

b

b

b

b

b

b

b

b

Na = 4, Nb = 6, N = 10, m = 4



Φ′
m(x) = res

k=iαm

Φ′(x,k)
[
−∂x2

+ ∂2
x1
− u′(x)

]
Φ′

m(x) = 0[
−∂x2 − q2 + (∂x1 + q1)

2 − u′(x)
]
e−qxΦ′

m(x) = 0

κm(q)e−qxΦ′
m(x) is exponentially

decaying for all x iff q belongs to the polygon:

κm(q) =

(
Nb∏

k=m

θ(qk,k+Na
)

)(
m−Na∏

k=1

θ(qk,k+Na
)

)
×

×

(
Na∏

k=1

θ(−qk,k+Nb
)

)

in the case Na + 1 ≤ m ≤ Nb

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5 α6 α7 α8α9 α10

b b b b b b b b b b

b

b

b

b

b

b

b

b

b

b

Na = 4, Nb = 6, N = 10, m = 5



Φ′
m(x) = res

k=iαm

Φ′(x,k)
[
−∂x2

+ ∂2
x1
− u′(x)

]
Φ′

m(x) = 0[
−∂x2 − q2 + (∂x1 + q1)

2 − u′(x)
]
e−qxΦ′

m(x) = 0

κm(q)e−qxΦ′
m(x) is exponentially

decaying for all x iff q belongs to the polygon:

κm(q) =

(
Nb∏

k=m

θ(qk,k+Na
)

)(
m−Na∏

k=1

θ(qk,k+Na
)

)
×

×

(
Na∏

k=1

θ(−qk,k+Nb
)

)

in the case Na + 1 ≤ m ≤ Nb

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5 α6 α7 α8α9 α10

b b b b b b b b b b

b

b

b

b

b

b

b

b

b

b

Na = 4, Nb = 6, N = 10, m = 6



Φ′
m(x) = res

k=iαm

Φ′(x,k)
[
−∂x2

+ ∂2
x1
− u′(x)

]
Φ′

m(x) = 0[
−∂x2 − q2 + (∂x1 + q1)

2 − u′(x)
]
e−qxΦ′

m(x) = 0

κm(q)e−qxΦ′
m(x) is exponentially

decaying for all x iff q belongs to the polygon:

κm(q) =

(
m−Na∏

k=1

θ(qk,k+Na
)

)
×

×

(
Na∏

k=m−Nb

θ(−qk,k+Nb
)

)

in the case Nb + 1 ≤ m ≤ N = Na + Nb

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5 α6 α7 α8α9 α10

b b b b b b b b b b

b

b

b

b

b

b

b

b

b

b

Na = 4, Nb = 6, N = 10, m = 7



Φ′
m(x) = res

k=iαm

Φ′(x,k)
[
−∂x2

+ ∂2
x1
− u′(x)

]
Φ′

m(x) = 0[
−∂x2 − q2 + (∂x1 + q1)

2 − u′(x)
]
e−qxΦ′

m(x) = 0

κm(q)e−qxΦ′
m(x) is exponentially

decaying for all x iff q belongs to the polygon:

κm(q) =

(
m−Na∏

k=1

θ(qk,k+Na
)

)
×

×

(
Na∏

k=m−Nb

θ(−qk,k+Nb
)

)

in the case Nb + 1 ≤ m ≤ N = Na + Nb

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5 α6 α7 α8α9 α10

b b b b b b b b b b

b

b

b

b

b

b

b

b

b

b

Na = 4, Nb = 6, N = 10, m = 8



Φ′
m(x) = res

k=iαm

Φ′(x,k)
[
−∂x2

+ ∂2
x1
− u′(x)

]
Φ′

m(x) = 0[
−∂x2 − q2 + (∂x1 + q1)

2 − u′(x)
]
e−qxΦ′

m(x) = 0

κm(q)e−qxΦ′
m(x) is exponentially

decaying for all x iff q belongs to the polygon:

κm(q) =

(
m−Na∏

k=1

θ(qk,k+Na
)

)
×

×

(
Na∏

k=m−Nb

θ(−qk,k+Nb
)

)

in the case Nb + 1 ≤ m ≤ N = Na + Nb

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5 α6 α7 α8α9 α10

b b b b b b b b b b

b

b

b

b

b

b

b

b

b

b

Na = 4, Nb = 6, N = 10, m = 9



Φ′
m(x) = res

k=iαm

Φ′(x,k)
[
−∂x2

+ ∂2
x1
− u′(x)

]
Φ′

m(x) = 0[
−∂x2 − q2 + (∂x1 + q1)

2 − u′(x)
]
e−qxΦ′

m(x) = 0

κm(q)e−qxΦ′
m(x) is exponentially

decaying for all x iff q belongs to the polygon:

κm(q) =

(
m−Na∏

k=1

θ(qk,k+Na
)

)
×

×

(
Na∏

k=m−Nb

θ(−qk,k+Nb
)

)

in the case Nb + 1 ≤ m ≤ N = Na + Nb

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5 α6 α7 α8α9 α10

b b b b b b b b b b

b

b

b

b

b

b

b

b

b

b

Na = 4, Nb = 6, N = 10, m = 10



Na = 1, Nb = 4, N = 5, m = 1.

κm(q) =

(
Nb∏

k=m

θ(qk,k+Na
)

)(
m∏

k=1

θ(−qk,k+Nb
)

)

qmn = q2 − (αm + αn)q1 + αmαn ≡

≡ q2 − q2
1 + (q1 − αm)(q1 − αn)

q
2
=

q
21

q1

q2

α1 α2 α3 α4 α5

b b b b b

b

b
b

b

b

M∆(x, x′; q) =





−ieq(x′−x)θ(x2 − x′
2)

N∑

n=1

θ(q1 − αn)Φ
′
αn

(x)Ψ′(x′, iαn), above

+ieq(x′−x)θ(x′
2 − x2)

N∑

n=1

θ(q1 − αn)Φ
′
αn

(x)Ψ′(x′, iαn), below


