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Compatible and almost compatible metrics. Definitions

Definition
Two Riemannian or pseudo-Riemannian contravariant metrics
g ij

1(u) and g ij
2(u) are called compatible if for any linear

combination of these metrics

g ij(u) = λ1g ij
1(u) + λ2g ij

2(u),

where λ1 and λ2 are arbitrary constants, the coefficients of the
corresponding Levi–Civita connections and the components of
the corresponding Riemann curvature tensors are related by
the same linear formula:

Γij
k (u) = λ1Γij

1,k (u) + λ2Γij
2,k (u),

R ij
kl(u) = λ1R ij

1,kl(u) + λ2R ij
2,kl(u).
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Compatible and almost compatible metrics. Definitions

Any two metrics g ij
1(u) and g ij

2(u) form a pencil of metrics

g ij(u) = λ1g ij
1(u) + λ2g ij

2(u),

where λ1 and λ2 are arbitrary constants, and two compatible
metrics g ij

1(u) and g ij
2(u) form a pencil of compatible metrics.

The indices of the coefficients of the Levi–Civita connections
Γi

jk (u) and the indices of the Riemann curvature tensors R i
jkl(u)

are raised and lowered by the metrics corresponding to them:

Γij
k (u) = g is(u)Γj

sk (u),

Γi
jk (u) =

1
2

g is(u)

(
∂gsk

∂uj +
∂gjs

∂uk −
∂gjk

∂us

)
,

R ij
kl(u) = g is(u)R j

skl(u),

R i
jkl(u) =

∂Γi
jl

∂uk −
∂Γi

jk

∂ul + Γi
pk (u)Γp

jl (u)− Γi
pl(u)Γp

jk (u).
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Compatible and almost compatible metrics. Definitions

Definition
Two Riemannian or pseudo-Riemannian contravariant metrics
g ij

1(u) and g ij
2(u) are called almost compatible if for any linear

combination of these metrics

g ij(u) = λ1g ij
1(u) + λ2g ij

2(u),

where λ1 and λ2 are arbitrary constants, the coefficients of the
corresponding Levi–Civita connections are related by the same
linear formula:

Γij
k (u) = λ1Γij

1,k (u) + λ2Γij
2,k (u).

Any two almost compatible metrics g ij
1(u) and g ij

2(u) form a
pencil of almost compatible metrics.
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Compatible metrics of constant Riemannian curvature

Consider two flat metrics g ij
1(u) and g ij

2(u).
In this case, the condition

R ij
kl(u) = λ1R ij

1,kl(u) + λ2R ij
2,kl(u)

means exactly that any of the metrics of the pencil

g ij(u) = λ1g ij
1(u) + λ2g ij

2(u),

where λ1 and λ2 are arbitrary constants, is also flat.
Thus, any two compatible flat metrics g ij

1(u) and g ij
2(u) form a

pencil of compatible flat metrics.
Generally speaking, it is not true for almost compatible flat
metrics: for example, the flat two-component metrics
g ij

1(u) = exp(u1u2)δij , 1 ≤ i , j ≤ 2, and g ij
2 = δij , 1 ≤ i , j ≤ 2, are

almost compatible but they are not compatible and do not form
a pencil of almost compatible flat metrics.
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Compatible metrics of constant Riemannian curvature

Consider two metrics g ij
1(u) and g ij

2(u) of constant Riemannian
curvature K1 and K2, respectively, that is,

R ij
1,kl(u) = K1(δi

l δ
j
k − δ

i
kδ

j
l ), R ij

2,kl(u) = K2(δi
l δ

j
k − δ

i
kδ

j
l ).

Here, K1 and K2 are arbitrary constants.
In this case, the condition

R ij
kl(u) = λ1R ij

1,kl(u) + λ2R ij
2,kl(u)

means exactly that any of the metrics of the pencil

g ij(u) = λ1g ij
1(u) + λ2g ij

2(u),

where λ1 and λ2 are arbitrary constants, is a metric of constant
Riemannian curvature λ1K1 + λ2K2.
Thus, any two compatible metrics of constant Riemannian
curvature form a pencil of compatible metrics of constant
Riemannian curvature.
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Motivation. Compatible Poisson brackets of
hydrodynamic type

An operator K ij [u(x)] is called Hamiltonian if it defines a
Poisson bracket (skew-symmetric and satisfying the Jacobi
identity)

{I, J} =

∫
δI

δui(x)
K ij [u(x)]

δJ
δuj(x)

dx

for arbitrary functionals I[u(x)] and J[u(x)] on the space of
functions (fields) u(x) = {ui(x), 1 ≤ i ≤ N}, where u1, ...,uN

are local coordinates on a certain given smooth N-dimensional
manifold M.
Hamiltonian operators are called compatible if any their linear
combination is also a Hamiltonian operator (Magri).
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Motivation. Compatible Poisson brackets of
hydrodynamic type

A Hamiltonian operator given by an arbitrary matrix
homogeneous first-order ordinary differential operator, that is, a
Hamiltonian operator of the form

P ij [u(x)] = g ij(u(x))
d
dx

+ bij
k (u(x)) uk

x ,

is called a local Hamiltonian operator of hydrodynamic type or
Dubrovin–Novikov Hamiltonian operator.
The operator is called nondegenerate if det(g ij(u)) 6≡ 0.
If det(g ij(u)) 6≡ 0, then operator is Hamiltonian if and only if 1)
g ij(u) is an arbitrary contravariant flat pseudo-Riemannian
metric (a metric of zero Riemannian curvature), 2)
bij

k (u) = −g is(u)Γj
sk (u), where Γj

sk (u) is the Levi-Civita
connection generated by the metric g ij(u) (the
Dubrovin–Novikov theorem).
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Motivation. Compatible Poisson brackets of
hydrodynamic type

For any nondegenerate local Hamiltonian operator of
hydroodynamic type there always exist local coordinates
v1, ..., vN (flat coordinates of the metric g ij(u)) in which all the
coefficients of the operator are constant:

g̃ ij(v) = ηij = const, Γ̃i
jk (v) = 0, b̃ij

k (v) = 0,

that is the corresponding Poisson bracket has the form

{I, J} =

∫
δI

δv i(x)
ηij d

dx
δJ

δv j(x)
dx ,

where (ηij) is a nondegenerate symmetric constant matrix:

ηij = ηji , ηij = const, det (ηij) 6= 0.
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Motivation. Compatible Poisson brackets of
hydrodynamic type

Two nondegenerate Dubrovin–Novikov Hamiltonian operators
P ij

1 [u(x)] and P ij
2 [u(x)] given by flat metrics g ij

1(u) and g ij
2(u) are

compatible if and only if 1) any linear combination of these
metrics

g ij(u) = λ1g ij
1(u) + λ2g ij

2(u),

where λ1 and λ2 are arbitrary constants, is a flat metric, 2) the
coefficients of the corresponding Levi-Civita connections are
related by the same linear formula:

Γij
k (u) = λ1Γij

1,k (u) + λ2Γij
2,k (u).

These conditions on flat metrics g ij
1(u) and g ij

2(u) define a pencil
of compatible flat metrics. So the problem of description for
compatible nondegenerate local Hamiltonian operators of
hydrodynamic type is exactly the problem of description of
general pencils of compatible flat metrics.
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Compatible and almost compatible metrics and the
Nijenhuis tensor

Consider two arbitrary contravariant Riemannian or
pseudo-Riemannian metrics g ij

1(u) and g ij
2(u).

Introduce the affinor

v i
j (u) = g is

1 (u)g2,sj(u),

where g2,sj(u) is the covariant metric inverse to the metric
g ij

2(u): g is
2 (u)g2,sj(u) = δi

j .
Consider the Nijenhuis tensor of this affinor

Nk
ij (u) = vs

i (u)
∂vk

j

∂us − vs
j (u)

∂vk
i

∂us + vk
s (u)

∂vs
i

∂uj − vk
s (u)

∂vs
j

∂ui .

Theorem
Any two metrics g ij

1(u) and g ij
2(u) are almost compatible if and

only if the corresponding Nijenhuis tensor Nk
ij (u) vanishes.
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Compatible and almost compatible metrics and the
Nijenhuis tensor

Definition
Two Riemannian or pseudo-Riemannian metrics g ij

1(u) and
g ij

2(u) are called a nonsingular pair of metrics if the eigenvalues
of this pair of metrics, that is, the roots of the equation

det(g ij
1(u)− λg ij

2(u)) = 0,

are distinct. A pencil of metrics is called nonsingular if it is
formed by a nonsingular pair of metrics.

Theorem
If a pair of metrics g ij

1(u) and g ij
2(u) is nonsingular, then the

metrics g ij
1(u) and g ij

2(u) are compatible if and only if the
Nijenhuis tensor of the affinor v i

j (u) = g is
1 (u)g2,sj(u) vanishes.

Thus, a nonsingular pair of metrics is compatible if and only if
the metrics are almost compatible.
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Compatible and almost compatible metrics and the
Nijenhuis tensor

Assume that a pair of metrics g ij
1(u) and g ij

2(u) is nonsingular
and the corresponding Nijenhuis tensor vanishes.
The eigenvalues of the pair of metrics g ij

1(u) and g ij
2(u) coincide

with the eigenvalues of the affinor v i
j (u) = g is

1 (u)g2,sj(u).
If all eigenvalues of an affinor are distinct, then by the Nijenhuis
theorem the vanishing of the Nijenhuis tensor of this affinor
implies that there exist local coordinates such that, in these
coordinates, the affinor reduces to a diagonal form in the
corresponding neighbourhood.
So we can consider that the affinor v i

j (u) is diagonal in the local
coordinates u1, ...,uN , that is,

v i
j (u) = λi(u)δi

j .
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Compatible and almost compatible metrics and the
Nijenhuis tensor

The eigenvalues λi(u), i = 1, ...,N, are distinct: λi 6= λj if i 6= j .

Lemma
If the affinor v i

j (u) = g is
1 (u)g2,sj(u) is diagonal in local

coordinates and all its eigenvalues are distinct, then, in these
coordinates, the metrics g ij

1(u) and g ij
2(u) are also diagonal.

We have g ij
1(u) = λi(u)g ij

2(u). It follows from symmetry of the
metrics g ij

1(u) and g ij
2(u) that for any indices i and j

(λi(u)− λj(u))g ij
2(u) = 0,

that is, g ij
2(u) = g ij

1(u) = 0 if i 6= j .
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Compatible and almost compatible metrics and the
Nijenhuis tensor

Lemma
Let an affinor w i

j (u) be diagonal in local coordinates
u = (u1, ...,uN): w i

j (u) = µi(u)δi
j .

1) If all the eigenvalues µi(u), i = 1, ...,N, of the diagonal
affinor are distinct, that is, µi(u) 6= µj(u) for i 6= j , then the
Nijenhuis tensor of this affinor vanishes if and only if the ith
eigenvalue µi(u) depends only on the coordinate ui .

2) If all the eigenvalues coincide, then the Nijenhuis tensor
vanishes.

3) In the general case of an arbitrary diagonal affinor
w i

j (u) = µi(u)δi
j , the Nijenhuis tensor vanishes if and only if

∂µi/∂uj = 0 for all indices i and j such that µi(u) 6= µj(u).
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Compatible and almost compatible metrics and the
Nijenhuis tensor

For any diagonal affinor w i
j (u) = µi(u)δi

j , the Nijenhuis tensor
Nk

ij (u) has the form

Nk
ij (u) = (µi − µk )

∂µj

∂ui δ
kj − (µj − µk )

∂µi

∂uj δ
ki

(no summation over indices).
Thus, the Nijenhuis tensor vanishes if and only if for any indices
i and j

(µi(u)− µj(u))
∂µi

∂uj = 0,

where is no summation over indices.
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Compatible and almost compatible metrics and the
Nijenhuis tensor

Theorem
A nonsingular pair of metrics is compatible if and only if there
exist local coordinates u = (u1, ...,uN) such that
g ij

2(u) = g i(u)δij and g ij
1(u) = f i(ui)g i(u)δij , where f i(ui),

i = 1, ...,N, are arbitrary (generally speaking, complex)
functions of single variables (the functions f i(ui) are not equal
identically to zero and, for nonsingular pairs of metrics, all these
functions must be distinct and they can not be equal to one
another if they are constants but, nevertheless, in this special
case, the metrics will be also compatible).
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Integrability of the class of compatible flat metrics

Consider the problem on nonsingular pairs of compatible flat
metrics. It is sufficient to classify all pairs of flat metrics of the
following special diagonal form g ij

2(u) = g i(u)δij and
g ij

1(u) = f i(ui)g i(u)δij , where f i(ui), i = 1, ...,N, are arbitrary
(possibly, complex) functions of single variables.
The problem of description of diagonal flat metrics, that is, flat
metrics g ij

2(u) = g i(u)δij , is a classical problem of differential
geometry. This problem is equivalent to the problem of
description of curvilinear orthogonal coordinate systems in an
N-dimensional pseudo-Euclidean space and it was studied in
detail and mainly solved in the beginning of the 20th century.
Locally, such coordinate systems are determined by
N(N − 1)/2 arbitrary functions of two variables. In 1998
Zakharov showed that the Lamé equations describing
curvilinear orthogonal coordinate systems can be integrated by
the inverse scattering method.
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Integrability of the class of compatible flat metrics

The condition that the metric g ij
1(u) = f i(ui)g i(u)δij is also flat

exactly gives N(N − 1)/2 additional equations linear with
respect to the functions f i(ui).
Introduce the standard classical notation

g i(u) =
1

(Hi(u))2 , d s2 =
N∑

i=1

(Hi(u))2(dui)2, (1)

βik (u) =
1

Hi(u)

∂Hk

∂ui , i 6= k , (2)

where Hi(u) are the Lamé coefficients and βik (u) are the
rotation coefficients of the diagonal metric.
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Integrability of the class of compatible flat metrics

Theorem (Lamé)
The class of flat diagonal metrics is described by the following
nonlinear system (the Lamé equations):

∂βij

∂uk = βikβkj , i 6= j , i 6= k , j 6= k ,

∂βij

∂ui +
∂βji

∂uj +
∑

s 6=i, s 6=j

βsiβsj = 0, i 6= j .

For the diagonal metric g ij
1(u) = f i(ui)g i(u)δij , we have

H̃i(u) =
Hi(u)√
f i(ui)

, β̃ik (u) =
1

H̃i(u)

∂H̃k

∂ui =√
f i(ui)√
f k (uk )

(
1

Hi(u)

∂Hk

∂ui

)
=

√
f i(ui)√
f k (uk )

βik (u), i 6= k .
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Integrability of the class of compatible flat metrics

Theorem
Nonsingular pairs of compatible flat metrics are described by
the following nonlinear reduction of the Lamé equations:

∂βij

∂uk = βikβkj , i 6= j , i 6= k , j 6= k ,

∂βij

∂ui +
∂βji

∂uj +
∑

s 6=i, s 6=j

βsiβsj = 0, i 6= j ,

f i(ui)
∂βij

∂ui +
1
2

(f i(ui))′βij + f j(uj)
∂βji

∂uj +

+
1
2

(f j(uj))′βji +
∑

s 6=i, s 6=j

f s(us)βsiβsj = 0, i 6= j ,

where f i(ui) are nonzero arbitrary functions (the eigenvalues).
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Integrability of the class of compatible flat metrics

The two-dimensional case N = 2 is trivial.
The Lamé equations:

∂β12

∂u1 +
∂β21

∂u2 = 0.

Hence there exist locally a function F (u1,u2) such that

β12(u) =
∂F
∂u2 , β21(u) = − ∂F

∂u1 ,

∂H1

∂u2 = − ∂F
∂u1 H2(u),

∂H2

∂u1 =
∂F
∂u2 H1(u).
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Integrability of the class of compatible flat metrics

Theorem
The two-dimensional metrics g ij

1(u) = (f i(ui)/(Hi(u))2)δij and
g ij

2(u) = (1/(Hi(u))2)δij form a pencil of flat compatible metrics
if and only if the Lamé coefficients Hi(u), i = 1,2, are solutions
of the linear system

∂H1

∂u2 = − ∂F
∂u1 H2(u),

∂H2

∂u1 =
∂F
∂u2 H1(u),

where the function F (u) is a solution of the following linear
equation:

2
∂2F

∂u1∂u2 (f 1(u1)− f 2(u2)) +
∂F
∂u2

df 1(u1)

du1 − ∂F
∂u1

df 2(u2)

du2 = 0.
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Integrability of the class of compatible flat metrics

Recall the Zakharov method for integrating the Lamé equations
(1998).
We must choose a matrix function Fij(s, s′,u) and solve the
linear integral equation

Kij(s, s′,u) = Fij(s, s′,u) +

∫ ∞
s

∑
l

Kil(s,q,u)Flj(q, s′,u)dq.

Then we obtain a one-parameter family of solutions of the
Lamé equations by the formula

βij(s,u) = Kji(s, s,u).
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Integrability of the class of compatible flat metrics

If Fij(s, s′,u) = fij(s − ui , s′ − uj), where fij(x , y) is an arbitrary
matrix function of two variables, then the formula

βij(s,u) = Kji(s, s,u)

produces solutions of the Darboux equations.
To satisfy the Lamé equations, Zakharov proposed to impose
on the “dressing matrix function” Fij(s, s′,u) a certain additional
linear differential relation

∂Fij(s, s′,u)

∂s′
+
∂Fji(s′, s,u)

∂s
= 0.

If Fij(s − ui , s′ − uj) satisfy the Zakharov differential relation,
then the rotation coefficients βij(u) satisfy the Lamé equations.
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Integrability of the class of compatible flat metrics

Lemma
If both the function Fij(s − ui , s′ − uj) and the function

F̃ij(s − ui , s′ − uj) =

√
f j(uj − s′)√
f i(ui − s)

Fij(s − ui , s′ − uj)

satisfy the Zakharov differential relation, then the corresponding
rotation coefficients βij(u) satisfy the equations describing all
nonsingular pairs of compatible flat metrics.
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Integrability of the class of compatible flat metrics

To resolve the Zakharov differential relations for the matrix
function Fij(s − ui , s′ − uj), we can introduce N(N − 1)/2
arbitrary functions of two variables Φij(x , y), i < j , and put for
i < j

Fij(s − ui , s′ − uj) =
∂Φij(s − ui , s′ − uj)

∂s
,

Fji(s − ui , s′ − uj) = −
∂Φij(s′ − ui , s − uj)

∂s
,

and

Fii(s − ui , s′ − ui) =
∂Φii(s − ui , s′ − ui)

∂s
,

where Φii(x , y), i = 1, ...,N, are arbitrary skew-symmetric
functions of two variables:

Φii(x , y) = −Φii(y , x).
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Integrability of the class of compatible flat metrics

For the function

F̃ij(s − ui , s′ − uj) =

√
f j(uj − s′)√
f i(ui − s)

Fij(s − ui , s′ − uj),

the Zakharov differential relation exactly gives N(N − 1)/2
linear partial differential equations of the second order for
N(N − 1)/2 functions Φij(s − ui , s′ − uj), i < j , of two variables:

2
∂2Φij(s − ui , s′ − uj)

∂ui∂uj

(
f i(ui − s)− f j(uj − s′)

)
+

∂Φij(s − ui , s′ − uj)

∂uj
df i(ui − s)

dui −

∂Φij(s − ui , s′ − uj)

∂ui
df j(uj − s′)

duj = 0, i < j .

It is very interesting that these equations coincide with the
single equation for the two-component case.
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Integrability of the class of compatible flat metrics

For N functions Φii(s − ui , s′ − ui), we have also N linear partial
differential equations of the second order from the Zakharov
differential relation:

2
∂2Φii(s − ui , s′ − ui)

∂s∂s′
(

f i(ui − s)− f i(ui − s′)
)
−

∂Φii(s − ui , s′ − ui)

∂s
df i(ui − s′)

ds′
+

∂Φii(s − ui , s′ − ui)

∂s′
df i(ui − s)

ds
= 0.

Any solution of these linear partial differential equations
generates a one-parameter family of solutions of the system
describing all nonsingular pairs of compatible flat metrics.
Thus, our problem is linearized.
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Integrable bi-Hamiltonian hierarchies

Any arbitrary pair of compatible Dubrovin–Novikov Hamiltonian
operators P ij

1 and P ij
2 , one of which (let us assume P ij

2) is
nondegenerate, can be reduced to the following special form by
a local change of coordinates:

P ij
2 [v(x)] = ηij d

dx
,

P ij
1 [v(x)] =

(
ηis ∂hj

∂vs + ηjs ∂hi

∂vs

)
d
dx

+ ηis ∂2hj

∂vs∂vk vk
x ,

where (ηij ) is an arbitrary nondegenerate constant symmetric
matrix: det(ηij) 6= 0, ηij = const, ηij = ηji ; hi(v), 1 ≤ i ≤ N, are
smooth functions given in a certain domain of local coordinates
such that the operator P ij

1 [v(x)] is Hamiltonian.
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Integrable bi-Hamiltonian hierarchies

The operator P ij
1 [v(x)] is Hamiltonian if and only if

ηsr ∂2hj

∂vs∂v i
∂2hk

∂v l∂v r = ηsr ∂2hk

∂vs∂v i
∂2hj

∂v l∂v r ,

(
ηip ∂hs

∂vp + ηsp ∂hi

∂vp

)
ηjl ∂2hr

∂v l∂vs =

(
ηjp ∂hs

∂vp + ηsp ∂hj

∂vp

)
ηil ∂2hr

∂v l∂vs .

The system of nonlinear equations is integrable by the inverse
scattering method.
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Integrable bi-Hamiltonian hierarchies

Consider the recursion operator generated by the “canonical”
compatible Dubrovin–Novikov Hamiltonian operators:

R i
l =

[
P1[v(x)] (P2[v(x)])−1

]i

l
=

((
ηis ∂hj

∂vs + ηjs ∂hi

∂vs

)
d
dx

+

+ηis ∂2hj

∂vs∂vk vk
x

)
ηjl

(
d
dx

)−1

,

where (ηij ) is the matrix which is inverse to the matrix (ηij ):
ηisηsj = δi

j .
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Integrable bi-Hamiltonian hierarchies

Apply the recursion operator to the system of translations in x ,
that is, the system of hydrodynamic type

v i
t = v i

x ,

which is, obviously, Hamiltonian with the Hamiltonian operator
P ij

2 :

v i
t = v i

x ≡ P ij
2

δH
δv j(x)

, H =
1
2

∫
ηjlv j(x)v l(x)dx .

Any system from the hierarchy

v i
tn = (Rn)

i
j v j

x , n ∈ Z,

is a multi-Hamiltonian integrable system.
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Integrable bi-Hamiltonian hierarchies

In particular, any system of the form

v i
t1 = R i

j v
j
x ,

that is, the system of hydrodynamic type

v i
t1 =

((
ηis ∂hj

∂vs + ηjs ∂hi

∂vs

)
d
dx

+ ηis ∂2hj

∂vs∂vk vk
x

)
ηjlv l ≡

≡
(
ηis ∂hj

∂vs ηjk +
∂hi

∂vk + ηisηjl
∂2hj

∂vs∂vk v l
)

vk
x ≡

≡
(

hi(v) + ηis ∂hj

∂vs ηjlv l
)

x
,

where hi(v), 1 ≤ i ≤ N, is an arbitrary solution of our integrable
system, is integrable.
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Integrable bi-Hamiltonian hierarchies

This system of hydrodynamic type is bi-Hamiltonian with the
pair of “canonical” Dubrovin–Novikov Hamiltonian operators:

v i
t1 =

((
ηis ∂hj

∂vs + ηjs ∂hi

∂vs

)
d
dx

+ ηis ∂2hj

∂vs∂vk vk
x

)
δH1

δv j(x)
,

H1 =
1
2

∫
ηjlv j(x)v l(x)dx ,

v i
t1 = ηij d

dx
δH2

δv j(x)
, H2 =

∫
ηjkhk (v(x))v j(x)dx .
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Integrable bi-Hamiltonian hierarchies

The next system in the hierarchy is the integrable system of
hydrodynamic type

v i
t2 =

((
ηis ∂hj

∂vs + ηjs ∂hi

∂vs

)
d
dx

+

+ηis ∂2hj

∂vs∂vk vk
x

)
ηjl

(
hl(v) + ηlp ∂hr

∂vp ηrqvq
)

≡
((

ηis ∂hj

∂vs + ηjs ∂hi

∂vs

)(
ηjl
∂hl

∂vk + ηrk
∂hr

∂v j + ηrqvq ∂2hr

∂v j∂vk

)
+ ηis ∂2hj

∂vs∂vk

(
ηjlhl(v) + ηrqvq ∂hr

∂v j

))
vk

x .

The hierarchy of integrable systems is “canonical” for all
bi-Hamiltonian systems of hydrodynamic type possessing pairs
of compatible local Hamiltonian operators of hydrodynamic
type.
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Compatible metrics and compatible
Poisson brackets of hydrodynamic type

Consider two arbitrary nonlocal Poisson brackets of
hydrodynamic type (of the Ferapontov type)

{I, J}1 =

∫
δI

δui(x)

(
g ij

1(u(x))
d
dx

+ bij
1,k (u(x)) uk

x +

L1∑
α=1

ε1,α(wα
1 )i

k (u(x))uk
x

(
d
dx

)−1

(wα
1 )j

s(u(x))us
x

 δJ
δuj(x)

dx

and

{I, J}2 =

∫
δI

δui(x)

(
g ij

2(u(x))
d
dx

+ bij
2,k (u(x)) uk

x +

L2∑
α=1

ε2,α(wα
2 )i

k (u(x))uk
x

(
d
dx

)−1

(wα
2 )j

s(u(x))us
x

 δJ
δuj(x)

dx .
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Compatible metrics and compatible
Poisson brackets of hydrodynamic type

Theorem
If the pair of metrics g ij

1(u) and g ij
2(u) is nonsingular, then the

Poisson brackets {I, J}1 and {I, J}2 are compatible if and only if
the metrics are compatible and both the metrics g ij

1(u), g ij
2(u)

and the affinors (wα
1 )i

j(u), (wα
2 )i

j(u) can be samultaneously
diagonalized in a domain of local coordinates.
If the pair of metrics g ij

1(u) and g ij
2(u) is nonsingular, then the

Poisson brackets {I, J}1 and {I, J}2 are compatible if and only if
there exist local coordinates such that in these coordinates we
have

g ij
2(u) = g i(u)δij , g ij

1(u) = f i(ui)g i(u)δij ,

(wα
2 )i

j(u) = (wα
2 )i(u)δi

j , (wα
1 )i

j(u) = (wα
1 )i(u)δi

j .

Oleg I. Mokhov Zakharov’s reductions, integrable reductions of the Lame equations and integrable classes of compatible metrics



Equations for nonsingular pairs of compatible
nonlocal Poisson brackets of hydrodynamic type

Consider an arbitrary nonsingular pair of compatible nonlocal
Poisson brackets of hydrodynamic type, that is, we assume that
the Poisson brackets are compatible and the pair of metrics
g ij

1(u) and g ij
2(u) is nonsingular.

Theorem
General nonsingular pairs of compatible nonlocal Poisson
brackets of hydrodynamic type are described by the following
consistent integrable nonlinear systems:
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∂Hα
2,j

∂ui = βijHα
2,i , i 6= j ,

∂βij

∂uk = βikβkj , i 6= j , i 6= k , j 6= k ,

εi2
∂βij

∂ui + εj2
∂βji

∂uj +
∑

s 6=i, s 6=j

εs2βsiβsj +

L2∑
α=1

ε2,αHα
2,iH

α
2,j = 0, i 6= j .

εi2f i(ui)
∂βij

∂ui +
1
2
εi2(f i)′βij + εj2f j(uj)

∂βji

∂uj +
1
2
εj2(f j)′βji +

∑
s 6=i, s 6=j

εs2f s(us)βsiβsj +

L1∑
α=1

ε1,αHα
1,iH

α
1,j = 0, i 6= j ,

∂Hα
1,j

∂ui = βijHα
1,i , i 6= j .
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We introduce here the standard classical notation

g i(u) =
εi2

(Hi(u))2 , d s2 =
N∑

i=1

εi2(Hi(u))2(dui)2, (3)

βik (u) =
1

Hi(u)

∂Hk

∂ui , i 6= k , (4)

where Hi(u) are the Lamé coefficients and βik (u) are the
rotation coefficients, εi2 = ±1, i = 1, ...,N, and introduce the
functions Hα

2,i(u), 1 ≤ i ≤ N, 1 ≤ α ≤ L2, such that

(wα
2 )i(u) =

Hα
2,i(u)

Hi(u)
,

and the functions Hα
1,i(u), 1 ≤ i ≤ N, 1 ≤ α ≤ L1, such that

(wα
1 )i(u) =

Hα
1,i(u)

Hi(u)
.

Oleg I. Mokhov Zakharov’s reductions, integrable reductions of the Lame equations and integrable classes of compatible metrics



Lax pair for the general nonsingular pair of compatible
nonlocal Poisson brackets of hydrodynamic type

The Lax pair with a spectral parameter for the system
describing all nonsingular pairs of compatible nonlocal Poisson
brackets of hydrodynamic type can be derived from the linear
problem for the system describing all submanifolds with flat
normal bundle and holonomic net of curvature lines. The
equations describing all submanifolds with flat normal bundle
and holonomic net of curvature lines are the conditions of
consistency for the following linear system:
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Lax pair for the general nonsingular pair of compatible
nonlocal Poisson brackets of hydrodynamic type

∂ϕi

∂uk =

√
εi2√
εk2

βikϕk , i 6= k ,

∂ϕi

∂ui = −
∑
k 6=i

√
εk2√
εi2

βkiϕk +

L2∑
α=1

√
ε2,α√
εi2

Hα
2,iψ

α,

∂ψα

∂ui = −
√
ε2,α√
εi2

Hα
2,iϕi .
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Lax pair for the general nonsingular pair of compatible
nonlocal Poisson brackets of hydrodynamic type

The condition that the bracket {I, J}1 + λ{I, J}2 is a Poisson
bracket for any λ is equivalent to the system corresponding to
the nonlocal Poisson bracket of hydrodynamic type with the
metric (λ+ f i(ui))g i(u)δij and the affinors (wβ

1 )i
j(u), 1 ≤ β ≤ L1,

and
√
λ(wα

2 )i
j(u), 1 ≤ α ≤ L2. In this case, the linear problem

becomes the Lax pair with the spectral parameter λ for the
general nonsingular pair of arbitrary compatible nonlocal
Poisson brackets of hydrodynamic type:
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∂ϕi

∂uk =

√
εi2(λ+ f i)√
εk2(λ+ f k )

βikϕk , i 6= k , (5)

∂ϕi

∂ui = −
∑
k 6=i

√
εk2(λ+ f k )√
εi2(λ+ f i)

βkiϕk +

L2∑
α=1

√
ε2,αλ√

εi2(λ+ f i)
Hα

2,iψ
α +

L1∑
β=1

√
ε1,β√

εi2(λ+ f i)
Hβ

1,iχ
β, (6)

∂ψα

∂ui = −
√
ε2,αλ√

εi2(λ+ f i)
Hα

2,iϕi , (7)

∂χβ

∂ui = −
√
ε1,β√

εi2(λ+ f i)
Hβ

1,iϕi . (8)
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If Hα
1,i(u) = 0, 1 ≤ α ≤ L1, and Hα

2,i(u) = 0, 1 ≤ α ≤ L2, then we
describe all compatible local Poisson brackets of hydrodynamic
type (compatible Dubrovin–Novikov brackets or flat pencils of
metrics).
If Hα

1,i(u) =
√
ε1,1K1Hi(u), α = 1, L1 = 1, and

Hα
2,i(u) =

√
ε2,1K2Hi(u), α = 1, L2 = 1, then we describe all

compatible nonlocal Poisson brackets of hydrodynamic type
generated by metrics of constant Riemannian curvature. The
Lax pair corresponding to arbitrary nonsingular pencils of
metrics of constant Riemannian curvature can be also easily
derived from the linear problem for the system describing all the
orthogonal curvilinear coordinate systems in N-dimensional
spaces of constant curvature K2:
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∂ϕi

∂uj =

√
εi
√
εj
βijϕj , i 6= j ,

∂ϕi

∂ui = −
∑
k 6=i

√
εk
√
εi
βkiϕk +

√
K2√
εi

Hiψ,

∂ψ

∂ui = −
√

K2√
εi

Hiϕi .

The condition of consistensy for the linear system gives the
equations for all orthogonal curvilinear coordinate systems in
N-dimensional spaces of constant Riemannian curvature K2.
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The corresponding Lax pair with a spectral parameter for
nonsingular pencils of metrics of constant Riemannian
curvature has the form:

∂ϕi

∂uj =

√
εi(λ+ f i)

εj(λ+ f j)
βijϕj , i 6= j ,

∂ϕi

∂ui = −
∑
k 6=i

√
εk (λ+ f k )

εi(λ+ f i)
βkiϕk +

√
λK2 + K1

εi(λ+ f i)
Hiψ,

∂ψ

∂ui = −

√
λK2 + K1

εi(λ+ f i)
Hiϕi , (9)

where λ is a spectral parameter. The condition of consistency
for the linear system is equivalent to the equations for
nonsingular pencils of metrics of constant Riemannian
curvature.
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If Hα
2,i(u) = 0, 1 ≤ i ≤ N, 1 ≤ α ≤ L1, then the corresponding

integrable systems describe compatible pairs of Poisson
brackets of hydrodynamic type one of which is local. These
systems always give integrable reductions of the classical
Lamé equations. The corresponding Lax pairs with a spectral
parameter have the form:

∂ϕi

∂uk =

√
εi2(λ+ f i)√
εk2(λ+ f k )

βikϕk , i 6= k ,

∂ϕi

∂ui = −
∑
k 6=i

√
εk2(λ+ f k )√
εi2(λ+ f i)

βkiϕk +

L1∑
β=1

√
ε1,β√

εi2(λ+ f i)
Hβ

1,iχ
β,

∂χβ

∂ui = −
√
ε1,β√

εi2(λ+ f i)
Hβ

1,iϕi .
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